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Abstract 
Resonant sensors based on Micro- and Nano-Electro Mechanical Systems (M/NEMS) are ubiquitous in many sensing 
applications due to their outstanding performance capabilities, which are directly proportional to the quality factor (𝑄) of the 
devices. We address here a recurrent question in the field: do dynamical techniques that modify the effective 𝑄 (namely 
parametric pumping and direct drive velocity feedback) affect the performance of said sensors? We develop analytical models 
of both cases, while remaining in the linear regime, and introduce noise in the system from two separate sources: 
thermomechanical and amplifier (read-out) noise. We observe that parametric pumping enhances the quality factor in the 
amplitude response, but worsens it in the phase response on the resonator. In the case of feedback, we find that 𝑄 is enhanced 
in both cases. Then, we establish a solution for the noisy problem with direct drive and parametric pumping simultaneously. 
We also find that, in the case when thermomechanical noise dominates, no benefit can be obtained from neither artificial 𝑄-
enhancement technique. However, in the case when amplifier noise dominates, we surprisingly observe that a significant 
advantage can only be achieved using parametric pumping in the squeezing region. 
Keywords: Resonant sensors, MEMS, NEMS, feedback control, parametric pump 
1. Introduction 
Resonant-based sensors are widely used in our society. 
Their working principle is based on detecting the shift of the 
resonance frequency caused by an external effect. Indeed, this 
detection scheme is preferred over its static counterpart due to 
the gain in responsivity and/or resolution resulting from the 
high quality factor of the resonator. It is for this latter point 
that mechanical resonators are particularly interesting for 
sensing applications, as typical quality factors are larger than 
in the case of, e.g., LC resonators. In addition, reducing the 
size of mechanical devices also improves their responsivity to 
many kinds of phenomena. The combination of small size and 
large quality factor has enabled extreme resolutions when 
measuring, for example, mass1, gas2 or liquid3 concentration, 
force4, biological entities5, charge6, temperature7 and 
radiation8-9. 
Reducing the size of the resonators is challenging as it is 
directly correlated with reducing the quality factor10. 
Therefore, with the advent of Micro- and Nano-
ElectroMechanical Systems (MEMS/NEMS), much work has 
been directed towards artificially improving the quality factor: 
On the one hand, using passive approaches, including acoustic 
reflectors11, geometry optimization12, surface treatments13 and 
dissipation dilution due to intrinsic stress14. All of them 
genuinely increase the quality factor, thus reducing the 
amount of thermomechanical noise (in force) allowed to enter 
the system; On the other hand, we have the so-called active 
approaches, mainly parametric pumping (tuning the resonance 
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frequency at twice the rate of said frequency)15-16 and feedback 
proportional to the velocity17. 
The motivation to improve the quality factor stems from the 
well-known Robbins formula 18: In the canonical example of 
a resonator which frequency is tracked by means of a phase 
locked loop (PLL) 1, 19, the minimum detectable frequency 
change is determined by the noise in the determination of the 
resonator’s phase divided by the slope of the phase-vs.-
frequency curve close to the resonance frequency. As this 
latter term is the inverse of the linewidth, the minimum 
relative frequency shift that can be detected is given by ∼
𝑆𝜑
1/2
𝑄
, 
with 𝑄 being the quality factor and 𝑆𝜑
1/2
 the noise in the 
determination of the resonator’s phase. 
In this paper, we calculate both the slope of the phase-vs.-
frequency curve and 𝑆𝜑
1/2
 for the two mentioned cases of 
active modification of 𝑄, i.e., parametric pumping (thus 
retaking Cleland’s seminal work 20) and positive feedback. We 
perform this calculation considering systems limited not only 
by thermomechanical but also by amplifier noise. In order to 
simplify our analysis, we consider the case of a linear 
resonator whose amplitude is limited by a given onset of 
nonlinearity (or critical amplitude). This is a very common 
practice to simplify the analysis of noise in resonators and it 
fundamentally differs from other approaches to improve 
frequency resolution by using nonlinearity in the system 21-22. 
To avoid loss of generality, no particular source of 
nonlinearity is considered, and the only hard condition is that 
the onset of nonlinearity depends on the original linewidth, not 
the one actively modified. 
The paper starts with a brief derivation of the equations 
describing the dynamics of the systems under study, which are 
applied to the case of parametrically-pumped and feedback-
driven systems. The slope of the phase-vs.-frequency curves 
and the noise in the phase are presented in each case as a 
function of the strength and phase of the parametric pump and 
direct feedback. We conclude by clarifying once and for all 
the effect of these active 𝑄 enhancement techniques on the 
frequency shift resolution. 
2. Modeling, equations, and solution methods 
The system under study is a linear damped resonator that is 
driven via a harmonic force close to the natural frequency (𝜔0) 
of the resonator and a noise term (thermomechanical noise) 
that has a white power spectral density. On top of that noise 
source, we also consider the so-called amplifier noise which 
in principle does not enter the equation of motion as it only 
affects the determination of the displacement by the 
measurement technique. 
Two additional terms are included in the equation of motion 
(e.o.m.): a parametric pumping term which modulates the 
elastic constant of the resonator at a given rate (𝜔𝑝 close to 
twice the natural frequency), and a feedback term proportional 
to the velocity of the resonator with a certain phase shift. To 
solve this system, we start by converting the original e.o.m. 
𝑚
𝑑2?̃?
𝑑?̃?2
+ 𝛤
𝑑?̃?
𝑑?̃?
+ 𝑚𝜔0
2?̃? + ?̃? sin(?̃?𝑃 ?̃? + 𝜙) ?̃?
+ ?̃?
𝑑?̃?(?̃? + ?̃?)
𝑑?̃?
= ?̃? cos(?̃?𝐷 ?̃?) + ?̃?𝑡ℎ(?̃?) 
(1) 
into a dimensionless form 23. In Eq. (1), 𝑚 is the effective 
mass, 𝛤 is the linear damping rate, ?̃? is the harmonic driving 
force at a frequency ?̃?𝐷, ?̃? is the parametric pumping term 
that modulates the elastic constant with a phase delay 𝜙 with 
respect to the drive, ?̃? is the feedback term accounting for the 
magnitude, and ?̃? its time delay. The term ?̃?𝑡ℎ is the 
thermomechanical noise (white and Gaussian) with 
⟨?̃?𝑡ℎ(?̃?)?̃?𝑡ℎ(?̃?′)⟩ =  𝜎𝐹
2𝛿(?̃? − ?̃?′), ?̃? is the time, and ?̃? is the 
displacement of the resonator mode at the maximum position 
for a given mode. Eq. (1) develops into its dimensionless form 
(Eq. (2)) after applying that 𝑄−1 = 𝛤 𝑚𝜔0⁄ ; 𝑡 = 𝜔0?̃?; 𝑥 =
?̃? 𝑥𝑐⁄ ; |𝛾| = ?̃? 𝛤⁄ = ?̃?𝑄 𝑚𝜔0⁄ ; 𝜓 = ?̃?𝜔0; |𝑔| =
𝑄3 2⁄ ?̃? 𝑚𝜔0
2𝑥𝑐⁄ ;  |ℎ| = 𝑄?̃? 2𝑚𝜔0
2⁄ ; Ω𝐷 = (?̃?𝐷 𝜔0⁄ − 1)𝑄; 
Ω𝑃 = (?̃?𝑃 𝜔0⁄ − 2)𝑄; 𝜉𝑡ℎ(𝑡) = 𝑄
3 2⁄ ?̃?𝑡ℎ(?̃?) 𝑚𝜔0
2𝑥𝑐⁄ ; 
⟨𝜉𝑡ℎ(𝑡)𝜉𝑡ℎ(𝑡′)⟩ = 𝜎𝜉
2 𝛿(𝑡 − 𝑡′); 𝜎𝜉 = 𝑄
3 2⁄ 𝜎𝐹 𝑚𝜔0
3/2
𝑥𝑐⁄  
?̈? +
1
𝑄
(?̇? + |𝛾|?̇?(𝑡 + 𝜓))  
+(1 + 2
|ℎ|
𝑄
sin ((2 +
Ω𝑃
𝑄
) 𝑡 + 𝜙))𝑥 
=
|𝑔|
𝑄3 2⁄
cos ((1 +
Ω𝐷
𝑄
) 𝑡) +
𝜉𝑡ℎ(𝑡)
𝑄3 2⁄
 
(2) 
where the dot stands for derivative with respect to the 
dimensionless time variable, 𝑡. Assuming now that the quality 
factor of the resonator is high (𝑄 ≥ 100), we insert 𝑥(𝑡) =
𝑄−
1
2|𝐴(𝑇)| cos(𝑡 + 𝜑) with 𝑇 = 𝑡/𝑄, and use secular 
perturbation theory23 with noise24-25 to obtain the following 
amplitude equation: 
𝑑𝐴(𝑇)
𝑑𝑇
+
1 + 𝛾
2
𝐴(𝑇) −
ℎ
2
𝐴∗(𝑇)𝑒𝑖𝛺𝑃𝑇 +
𝑖
2
𝑔𝑒𝑖Ω𝐷𝑇 
+Ξ𝑇ℎ(𝑇)𝑒
𝑖Ω𝐷𝑇 = 0, 
(3) 
where 𝑔 = |𝑔|, ℎ = |ℎ|𝑒𝑖𝜙, 𝛾 = |𝛾|𝑒𝑖𝜓 and Ξ𝑇ℎ(𝑇) =
𝑒−𝑖ΩD𝑇
2𝜋
∫ 𝜉(𝑡)𝑒−𝑖𝑡𝑑𝑡
𝑄𝑇+𝜋
𝑄𝑇−𝜋
. The noise Ξ𝑇ℎ(𝑇) can be split into 
real ΞR(𝑇) and imaginary part ΞI(𝑇) with ⟨ΞR(𝑇)ΞR(𝑇
′)⟩ =
⟨ΞI(𝑇)ΞI(𝑇
′)⟩ ≈ 𝜎Ξ
2𝛿(𝑇 − 𝑇′) and 𝜎Ξ =
𝜎𝜉
√2𝑄
. Eq. (3) can be 
used to calculate the amplitude 𝐴(𝑇), which is a variable that 
describes the slow deviations from the purely periodical 
response of the system, i.e., the complex amplitude within the 
rotating frame. As Eq. (3) has noise, the solution can be split 
into first finding the coherent response to the drives and later 
finding the power spectral density of the noise around said 
coherent response. 
2.1 Coherent response 
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The solution to an equation of the type of Eq. (3) is given 
in general by 𝐴(𝑇) = 𝑎′𝑒𝑖Ω𝐷𝑇 + 𝑏′𝑒𝑖Ω𝑃𝑇, but for the sake of 
simplicity we here restrict ourselves to the so-called 
degenerate case, which happens when the pump frequency 
exactly doubles the drive frequency, namely 𝐴(𝑇) = 𝑎𝑒𝑖Ω𝐷𝑇, 
where 𝑎 = |𝑎| · 𝑒𝑖𝜑 is a time independent complex variable. 
Substituting this ansatz into the coherent part of Eq. (3), we 
obtain: 
2Ω𝐷𝑎 − 𝑖(1 + 𝛾)𝑎 + 𝑖ℎ𝑎
∗ = −𝑔. (4) 
Taking now into account that ℎ, 𝛾 and 𝑎 are complex 
variables, we can write: 
𝑎
|𝑔|
=
−2Ω𝐷 − 𝑖 + 𝑖|ℎ|𝑒
𝑖𝜙 − 𝑖|𝛾|𝑒−𝑖𝜓
1 − |ℎ|2 + |𝛾|2 + 4Ω𝐷
2 + 2|𝛾| cos(𝜓) + 4|𝛾|Ω𝐷 sin(𝜓)
 
 
(5) 
Eq. (5) is similar to previous derivations that can be found 
in the literature23, combining both linear feedback and 
parametric pumping26. Here we now consider independently 
both of those cases in order to compare them. This has, to the 
extent of the authors’ knowledge, never been done before (cf. 
Figure 1). 
 
 
Figure 1 Comparison between a parametrically-pumped response 
and a response with linear feedback. | (a) Amplitude and phase 
response as a function of frequency for a directly driven system 
with no pump (dashed, black), and with large pump with two 
different relative delays between the direct drive signal and the 
pump. These two different delays correspond to the condition for 
maximum (dotted, purple) and minimum amplitude gain (solid, 
orange). The corresponding phase plots are shifted so that they 
cross at the natural frequency. (b) The same model as in (a), with 
linear feedback instead of parametric pumping. Both cases are very 
similar for the amplitude response. In contrast, the phase response 
presents a counter-intuitive behavior: a large gain parametric pump 
corresponds to a small phase slope and vice-versa. 
 
We first look into the amplitude response as a function of 
frequency (top panel in Fig. 1). We observe that both the linear 
feedback and the parametrically pumped case have a given 
phase (𝜙 = 𝜓 = 𝜋) for which the system presents a “gain” and 
a different phase phase (𝜙 = 𝜓 = 0) for which the system 
yields an “attenuation”, when the drive frequency is at the 
natural frequency of the device. When linear feedback is 
applied, it can be seen that the “gain” case (𝜓 = 𝜋) shows a 
phase response with an increased slope around the resonant 
frequency, and the opposite is true for the “attenuation” case. 
However, when the system is parametrically pumped, the 
“gain” case in the amplitude response corresponds to a 
reduction of the phase slope close to the resonant frequency; 
and vice-versa. While the result shown in Figure 1.b for the 
system with feedback is rather intuitive, we find that the result 
in Figure 1.a has not been deeply analyzed before and exhibits 
a counter-intuitive behavior. We also want to highlight the fact 
that the way we define the parametric pumping and its phase 
allows us to find the “attenuation” and “gain” cases for 𝜙 =
0 & 𝜋 respectively, as opposed to the more commonly used 
values of ±𝜋/4. 
2.2. Noisy solution 
In the previous section, we have dismissed the 
thermomechanical noise driving term when proceeding from 
Eq. (3) to Eq. (4). As soon as that noise term is considered, the 
solution turns into 𝑎 + 𝛿𝑎(𝑇) with the second term being time 
dependent as corresponding to the amplitude response to 
Ξ𝑇ℎ(𝑇). In order to solve for 𝛿𝑎(𝑇), we need solve the 
following equation 
−2𝑖𝛿?̇? + 2Ω𝐷𝛿𝑎 − 𝑖(1 + 𝛾)𝛿𝑎 + 𝑖ℎ𝛿𝑎
∗ = −2𝑖Ξ𝑇ℎ, (6) 
where Ξ𝑇ℎ = Ξ𝑅 + 𝑖Ξ𝐼, with Ξ𝑅 and Ξ𝐼 being the two 
(uncorrelated) components of the thermomechanical noise. As 
Ξ𝑅 and Ξ𝐼 are noisy variables (white, Gaussian), it is possible 
now to calculate the probability density function (PDF) of the 
amplitude 𝑎 + 𝛿𝑎, using a Fokker-Planck approach. We, then, 
represent the solutions in Figure 2 for Ω𝐷 = 0 and separately 
for the case of linear feedback (Figure 2.b) and parametric 
pumping (Figure 2.a). 
 
Figure 2 Noisy solution | (a) Analytical and (c) experimental PDF for 
Ω𝐷 = 0 and |ℎ| = 0.7 for different values of 𝜙 in the case of 
parametric pumping. Squeezing can be observed in all cases, but in 
different directions in the rotatory space. (b) Analytical and (d) 
experimental PDF for Ω𝐷 = 0 and |𝛾| = 0.7 for different values of 
𝜓 in the case of linear feedback. No squeezing occurs in this case. 
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The differences between both cases are striking. In the former 
case, Figure 2.b shows that by modifying the feedback delay 
(represented in our case by the phase 𝜓), it is possible to go 
from active cooling to amplification17, but in all cases the 
noise is distributed isotopically around the mean value of the 
amplitude. In contrast, Figure 2.a also shows variation of the 
amplitude but, importantly, the noise distribution is not 
isotropic around the mean values and exhibits the well-known 
squeezing phenomenon instead. What is more interesting is 
the implications that this assymetry has on the determination 
of the modulus and phase of the complex amplitude 𝑎 + 𝛿𝑎. 
Figure 2.b has been presented in different venues before, but 
this is the first time that Figure 2.a is shown (the noisy solution 
of parametric pumping together with direct drive). 
In Figure 2.c and Figure 2.d, we plot a collection of 
experimental data obtained in analogous conditions to those 
used in Figure 2.a and Figure 2.b, respectively. The 
experimental system consists of a microcantilever fabricated 
within a wafer-scale encapsulation process, utilizing internal 
electrodes and a low-noise capacitive readout to detect the 
thermomechanical vibrations with minimal added noise. This 
is an ideal platform for the study of the effect of noise, 
feedback and parametric pumping on the dynamical response 
of a resonant system27-28. 
Interestingly, the noise in the determination of the phase 
of the resonator, 𝛿𝜑, depends strongly on the phase and 
magnitude of the pump and feedback, respectively. To 
describe the representation of Figure 2 with formulas, we can 
calculate the power spectral density 𝑆𝛿𝑎,R  and 𝑆𝛿𝑎,Iof both 
the real and imaginary part of 𝛿𝑎: 
 
𝑆𝛿𝑎,𝑅 = 𝐼𝑡ℎ
1 + |ℎ|2 + |𝛾|2 + 4Ω𝐷
2 + 2(|𝛾| cos(𝜓) + |ℎ| cos(𝜙)) + 2|ℎ||𝛾| cos(𝜓 − 𝜙) + 4Ω𝐷 (|𝛾| sin(𝜓) + |ℎ| sin(𝜙))
(1 − |ℎ|2 + |𝛾|2 + 4Ω𝐷
2 + 2|𝛾| cos(𝜓) + 4|𝛾|Ω𝐷 sin(𝜓))2
, (7) 
𝑆𝛿𝑎,𝐼 = 𝐼𝑡ℎ
1 + |ℎ|2 + |𝛾|2 + 4Ω𝐷
2 + 2(|𝛾| cos(𝜓) − |ℎ| cos(𝜙)) − 2|ℎ||𝛾| cos(𝜓 − 𝜙) + 4Ω𝐷 (|𝛾| sin(𝜓) − |ℎ| sin(𝜙))
(1 − |ℎ|2 + |𝛾|2 + 4Ω𝐷
2 + 2|𝛾| cos(𝜓) + 4|𝛾|Ω𝐷 sin(𝜓))2
 (8) 
 
where we have used that ΞR and ΞI are approximately 
uncorrelated and that their power spectral densities are: 𝐼𝑡ℎ =
⟨ΞR(𝜔𝑆)ΞR(𝜔𝑆
′)⟩ = ⟨ΞI(𝜔𝑆)ΞI(𝜔𝑆
′)⟩ ≈ 𝜎Ξ
2. Importantly, the 
magnitude of 𝐼𝑡ℎ is related to temperature, the quality factor, 
mass, and frequency of the resonator. However, neither 
parametric pumping nor linear feedback actually change this 
magnitude, i.e., they only change the effect of this noise in the 
amplitude 29. 
 
From Eqs. (7) and (8) it is difficult to extract qualitative 
information but we can simplify these formulas considering 
our two separate cases (parametric pumping and linear 
feedback), and by using Ω𝐷 ≈ 0. The latter approximation is 
made for the sake of simplicity and because sensors typically 
will satisfy this condition as the integration times tend to be 
long relative to the decay rate of the resonator. Crucially, 
however, the final conclusions of the paper remain essentially 
the same also when we do not take this approximation. Taking 
all assumptions described before and the limits 𝛾 → 0 and ℎ →
0, we can obtain respectively Eqs. (9) and (10). 
{
 
 
 
 𝑆𝛿𝑎,𝑅(Ω = 0) = 𝐼𝑡ℎ
1 + |ℎ|2 + 2|ℎ| cos(𝜙)
(1 − |ℎ|2)2
𝑆𝛿𝑎,𝐼(Ω = 0) = 𝐼𝑡ℎ
1 + |ℎ|2 − 2|ℎ| cos(𝜙)
(1 − |ℎ|)2
  (9) 
{
 
 𝑆𝛿𝑎,𝑅(Ω = 0) =
𝐼𝑡ℎ
1 + |𝛾|2 + 2|𝛾| cos(𝜓)
𝑆𝛿𝑎,𝐼(Ω = 0) =
𝐼𝑡ℎ
1 + |𝛾|2 + 2|𝛾| cos(𝜓)
. (10) 
 
Eq. (10) clearly illustrates the isotropic distribution that can 
be seen in Figure 2.b&d, whereas Eq. (9) yields an anisotropic 
result that is dependent on the phase delay between drive and 
pump. 
3. Phase and Frequency noise comparison 
Our main objective in this paper is to compare the 
performance of a resonator as a resonant-based sensor when 
either feedback or parametric pumping is used to modify the 
dynamical response of the resonator. To do this, we need to 
first determine the noise in the resonator’s phase, which is 
typically defined by: 𝑆𝜑 =
𝑆𝛿𝑎
|𝑎|2
. Then, as it is already 
mentioned in the introduction, one can make an estimation of 
how much noise is in the determination of the frequency based 
on: 𝑆Ω = 𝑆𝜑 (
𝜕𝜑
𝜕Ω
)
Ω=0
2
⁄ . This method can be easily applied to 
the case when ℎ = 0. When a parametric pumping is present, 
however, each of the terms determining the noise in frequency 
depends on the relative phase between drive and pump, 𝜙. In 
fact, the slope of the phase 
𝜕𝜑
𝜕Ω
, the amplitude |𝑎|, and the 
projection of the noise 𝛿𝑎 in quadrature with 𝑎 all depend on 
𝜙. The latter point is particularly interesting as it is where our 
conclusion differs from that of Cleland’s 20: 
𝑆𝜑 = (𝑆𝛿𝑎,𝑅 (
1 − |ℎ| cos(𝜙)
√1 + |ℎ|2 − 2|ℎ| cos(𝜙)
)
2
+ 𝑆𝛿𝑎,𝐼 (
|ℎ| sin(𝜙)
√1 + |ℎ|2 − 2|ℎ| cos(𝜙)
)
2
)/|𝑎(𝜙)|2 
(11) 
as opposed to 𝑆𝜑 = (𝑆𝛿𝑎,𝑅 + 𝑆𝛿𝑎,𝐼  )/2|𝑎(𝜙)|
2. 
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In the following figures, Figure 2, Figure 2 and Figure 2, 
we show the effect of parametric pump and direct feedback 
on: (i) the noise in the resonator’s phase, (ii) the resonator’s 
phase response slope, and (iii) the resultant estimated 
frequency noise; always compared to the case without any 
feedback or parametric pumping. 
In the first case, we see in Figure 2 the effect on the system 
where we keep the driving amplitude |𝑔| constant and the 
noise is fully thermomechanical. In the case of direct 
feedback, we can see how the noise in the resonator’s phase 
(𝑆𝜑) is constant in all cases, and how the phase slope (
𝜕𝜑
𝜕Ω
) 
increases in the proximity of 𝜓 = 𝜋. Thus, the overall 
frequency noise (𝑆Ω) reduces, as expected. The situation is 
different in the case of parametric pumping, where the noise 
in the phase changes considerably depending on the delay 
between the pump and the drive, observing a minimum around 
𝜙 = 𝜋. Interestingly, as shown in Figure 1, the slope of the 
phase is reduced at that value and is maximized for 𝜙 = 0. 
The final result for the frequency noise shows that the 
optimum operational point would be 𝜙 = 𝜋, because the 
reduction in the noise in the phase is larger than the reduction 
in the phase slope. 
 
Figure 3 Thermomechanical noise limited | Effect of both 
parametric pumping (left) and feedback (right) on 𝑆𝜑
1 2⁄ , (
𝜕𝜑
𝜕Ω
)
Ω=0
, 
and 𝑆Ω
1 2⁄ , relative to the case with no pumping and no feedback. In 
this case, the noise source is purely thermomechanical and the 
driving amplitude, |𝑔|, is held constant. 𝑆𝜑 does not depend on 𝜓 
whereas it depends on 𝜙, showing a minimum for 𝜙 = 𝜋. The slope 
of the phase shows a maximum for 𝜓 = 𝜋 and 𝜙 = 0, whereas a 
minimum for 𝜙 = 𝜋 and 𝜓 = 0. 𝑆Ω shows a minimum for both 
cases around 𝜓 = 𝜋 and 𝜙 = 𝜋. This improvement would keep 
increasing with both parametric (|ℎ|) and/or feedback (|𝛾|) 
strength until reaching the threshold. However, a physical system 
will exhibit nonlinearities before the threshold, which are not 
accounted for in this figure. 
Even if the results shown in Figure 3 are interesting, they 
are not representative of physical systems since this analytical 
study involved solely linear terms for clarity. However, it is 
known that any system shows nonlinearities after a certain 
threshold. In order to account for this without performing a 
full nonlinear analysis of the system, we can replot the results 
of Figure 3 while holding the amplitude of vibration constant 
and equal to the critical amplitude (onset of nonlinearity)23. 
The results of this approach can be seen in Figure 4, 
illustrating a behavior that is radically different from the 
previously shown results in Figure 3. 
If the amplitude is kept constant, allowing the intensity of 
the drive, |𝑔| to change for every case, we can clearly see how 
the noise in the resonator’s phase (𝑆𝜑) gets worse around the 
amplification region (𝜓 = 𝜋), whereas it reaches a minimum 
when the feedback attenuates (𝜓 = 0). Of course, this means 
that the value of the drive in either case will be very different, 
with the drive in the latter case being much larger than in the 
former (|𝑔|𝜓=0 ≫ |𝑔|𝜓=𝜋). Combining this with the changes 
in the phase slope, it is possible to see that they compensate in 
the two extreme cases, and the frequency noise is the same as 
the one without any feedback. In the remaining cases, the 
frequency noise is larger than the one obtained without any 
feedback.  
Analyzing the parametrically pumped case, we observe that 
the noise in the resonator’s phase reaches a minimum within 
the amplification stage (𝜙 = 𝜋) and a maximum within the 
attenuation stage (𝜙 = 0). This is due to the squeezing, i.e., 
the non-symmetrical distribution around the average of the 
noise. Combining this with the phase slope, we reach a similar 
conclusion as for the direct feedback case: the frequency noise 
is the same as in the case without pump for 𝜙 = 0, 𝜋 but it is 
larger otherwise. The former point is a result that has been 
reached repeatedly in the literature. However, some 
controversy exists since some works have been claiming that 
an improvement is possible by using these techniques. Here, 
we actually show that for most values of the phase delay, not 
only does the situation not improve, but it actually worsens. 
 
 
Figure 4 Thermomechanical noise limited. Nonlinear cap. | Same 
content as in Figure 3, except the amplitude is set to be equal to 
the critical value, i.e., |𝑔| is adjusted automatically for each phase 
case. In this case, 𝑆𝜑 increases close to 𝜓 = 𝜋 (amplifying phase), 
and close to 𝜙 = 0 (attenuation phase), whereas it exhibits a 
minimum at 𝜙 = 𝜋. The slope of the phase follows a similar trend 
as the one described in Figure 3. Finally, when looking at 𝑆Ω, it is 
impossible to find a phase, where there is an improvement 
compared to the case without any feedback or pumping. 𝑆Ω can 
only get worse with increasing feedback or parametric pumping. 
3.1 Amplifier noise 
The situation is slightly different when we consider that it 
is not thermomechanical noise, but amplifier noise that limits 
many resonant sensors. Amplifier noise is a generic term that 
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includes transduction noise or, even more generally, any noise 
in the measurement that is not thermomechanical. Amplifier 
noise does not directly affect the dynamics of the system but 
it simply adds to the output noise variance in an isotropic 
manner. Therefore it is straightforward to calculate its effect 
onto the parametric pump case. On the other hand, its effect 
on the direct feedback is more involves: it will actually depend 
on whether the feedback is generated with the amplifier noise 
(most common case) or not. In the former case, for example, 
the feedback will also include a noisy force in the system, 
which magnitude will depend on the feedback gain and phase. 
In Figure 5, we plot the estimation of frequency noise for all 3 
cases (parametric pumping, noiseless feedback, and noisy 
feedback) assuming thermomechanical noise negligible, for 
constant drive (|𝑔|), and constant amplitude (?̃?𝑐). 
We can observe that for direct feedback the optimum 
operational point is always located at 𝜓 = 𝜋, which is the 
amplification stage. At this point, the slope is maximized and, 
for the case of constant drive, the amplitude is much larger 
which implies a smaller noise in the resonator’s phase. 
Interestingly, when considering the more likely situation of a 
noisy feedback (i.e., a feedback that is generated using a signal 
that has some transducer or amplifier noise), and keeping the 
amplitude constant, 𝑆Ω reduces around the amplification 
region for small values of |𝛾|. This improvement, however, 
saturates when reaching |𝛾| = 0.5 only to later go back to the 
value of 𝑆Ω without feedback (when |𝛾| → 1). It is important 
to remember that the actual minimum of this frequency noise 
will depend on the relative intensity of amplifier noise and 
thermomechanical noise, since the latter is amplified by the 
direct feedback at 𝜓 = 𝜋, and at some point it will equate and 
surpass the amplifier noise. 
In Figure 5 we also show that, in the case of parametric 
pumping, the result depends on whether we keep the drive or 
vibration amplitude constant. In the former case, we obtain a 
minimum in the frequency noise for 𝜙 = 0, 𝜋, due to both the 
changes in the slope and the amplitude. However, in the case 
when the vibration amplitude is held constant, and contrary to 
what one would expect, the frequency noise exhibits the 
largest improvement when the attenuation phase is used, since 
the slope of the phase is much larger. In this case, however, 
the driving amplitude needs to be larger in order to 
compensante for the attenuation caused by the parametric 
pumping. As for the case of direct feedback, these results are 
only valid when the amplifier noise dominates. In reality, the 
results depend on the relative intensity of the 
thermomechanical and amplifier noise. 
 
 
 
 
 
Figure 5 Amplifier noise limited | 𝑆Ω of a resonator with parametric pumping (left), noiseless linear feedback (center) and noisy linear 
feedback (right) relative to the case with no pump nor feedback. On the top row we show the case where the drive (|𝑔|) is fixed (to be 
compared to (7)) and on the bottom row we show the case where the amplitude of motion (|𝑎|) is fixed (to be compared to (7)). In all cases 
here, the limiting noise is not thermomechanical, but amplifier noise. The results for the linear feedback case, as expected, show an 
improvement when using an amplifying feedback phase 𝜓 = 𝜋. Importantly, in the more likely case of a noisy feedback and operating at 
constant amplitude, the feedback slightly improves performance for small |𝛾| but then it goes back to the performance without feedback. 
In the case of parametric pump, when the driving force is kept constant, an improvement of the frequency noise can be observed no matter 
the phase, being maximum for 𝜙 = 0, 𝜋. When the amplitude of motion is kept constant, 𝑆Ω improves for the attenuation cases, 𝜙 = 0. 
This somewhat counterintuitive result is explained by the dependence of the phase slope on the parametric pump, as seen in Figure 1. 
 
 
4. Conclusion 
In this paper, the effect of parametric pumping and direct 
feedback on a mechanical resonator is investigated in the 
presence of thermomechanical noise, amplifier noise, and 
direct forcing. We first analyze the noiseless solution, 
observing in the case of parametric pumping that the phase 
slope decreases for the amplification stage, as opposed to the 
direct feedback case, where both the amplitude and phase 
slope are maximized concurrently. This difference is also 
visible in the solution with noise, where the parametrically 
pumped case shows noise distributions that are anisotropic 
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around the average values. This is, to our knowledge, the first 
time where this solution is shown, and we confirm it by 
numerical integration and via experimental measurements. 
We then analyze the effect of this noise distribution on the 
frequency noise and observe that, when the driving force is 
constant, the frequency noise can be minimized by using either 
direct feedback or parametric pumping. However, when 
operating at the critical amplitude, the frequency noise cannot 
be improved compared to the case without feedback nor 
pumping. The situation is different for a system that is limited 
by amplifier noise instead of thermomechanical noise. In that 
case, the frequency noise can be reduced at several phases. 
The most interesting result is obtained when operating at the 
critical amplitude with parametric pumping, where we find 
that the frequency noise is minimized in the attenuation case, 
contrary to established concepts. We believe that the results 
within this paper have important implications for the field of 
nano- and micromechanical sensing. 
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